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Abstract: This paper analyses a model for the production of bioethanol that has been calibrated against laboratory data by previous
researchers. The authors investigate the improvement in productivity that can be obtained when a centrifuge is used to recycle cells that
would otherwise leave the reactor system in the efficient stream. The authors compare the performance of a double reactor cascade,
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Nomenclature

Y( x p )

Ci
D
F
K1 , K 2
mp

ethanol (-)

ms

The recycle concentration factor (-)
Dilution rate (h-1)
Flow rate into tank (Lh-1)

Y( x s )

Yield coefficient in conversion from biomass to
Yield coefficient in conversion from biomass to

substrate (-)

-1

Saturation constants (gL )

Greek letters

Maintenance factor of ethanol (h-1)
-1

Maintenance factor of substrate (h )

P
Pc

Ethanol concentration (gL )

P 'c

Limiting ethanol concentration for non-viable cells

-1

Limiting ethanol concentration for viable cells (gL-1)
-1

(gL )

Pr
R
S

Productivity of ethanol (gL-1·h-1)
Recycle ratio based on volumetric flow rates (-)
Substrate concentration (gL-1)

S0

Food substrate concentration (gL-1)

t

Time (h-1)

Xd

Dead cell concentration (gL-1)

X nv

Non-viable cell concentration (gL-1)

Xv
V

Viable cell concentration (gL-1)
Volume of reactor (L)
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d
 max
 'max
 nv
v


Growth rate of dead cells (h-1)
Maximum growth rate of viable cells (h-1)
Maximum growth rate of non-viable cells (h-1)
Growth rate of non-viable cells (h-1)
Growth rate of viable cells (h-1)
Residence time (h)

1. Introduction
The interest in biofuels has increased markedly in
recent years as they are environmentally friendly and
offer a mechanism to reduce reliance on oil. One of the
promising biofuels is ethanol, which can be derived
from renewable sources such as lignocellulosic
waste-materials. Ethanol is a much cleaner fuel than
gasoline, reducing CO levels by 25%-30% and
dramatically reducing emissions of hydrocarbons, a
major contributor to the depletion of the ozone layer.
Ethanol blends increasingly used worldwide as they
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two-reactor cascade employing a centrifuge to recover
cell mass. For the reactor cascade, the authors consider
a configuration in which the exist stream from a reactor
is recycled into the influent stream into the same
reactor.

provide high octane at low cost and without the need for
harmful fuel additives. As long ago as 2002 more than
10% of all gasoline sold in the US contained ethanol.
Recent US legislation has called for a six fold increase in
the use of ethanol to 136 billion L per year by 2022.
The model used in this paper was developed by

2. Model Equations

Jarzebski [1] to explain oscillations observed during

2.1 Biochemical Model

the continuous production of ethanol using cultures of
saccharomyces cerevisiae. This extended an earlier

The authors use the biochemical mechanism for the
production of ethanol given in Ref. [1]. The cell
populations are broken into three groups: viable cells
( X v ), non-viable cells ( X nv ) and dead cells ( X d ).

model proposed by Ghommidh et al. [2] which
accounted for oscillations observed during continuous
fermentation using Zymononas mobilis. Features of the
model are described further in Section 2.1. Jarzebski

Non-viable cells are non-growing, but retain the ability
to produce ethanol. The biological reactions are:
S P;
Xv  2Xv ;
X v  X nv ;
Xv  Xd ;
X nv  X d .

estimated biochemical parameter values for this model
using laboratory data obtained from the continuous
fermentation of sugar-cane molasses at a temperature
of 37 °C reported by Perego et al. (1985) [3].
The behaviour of this model in a single reactor was
investigated in Ref. [4]. The performance increase in
yield of ethanol in a cascade of upto three reactors
was investigated in Ref. [5]. The improvement in
ethanol productivity that can be achieved by using a
reactor cascade of up to give reactors was investigated
in Ref. [6]. Other models for ethanol production from

where, S and P represent the substrate and ethanol
respectively. The reaction rates for these processes,
which are given in Section 2.2, include both substrate
and product inhibition. The second
( X v  2 X v ) denotes viable cell division.

renewable sources includes Refs. [7, 8].
The emphasis in this paper is to compare the
productivity that can be obtained in a single reactor
against that obtained inboth a single reactor and a
V
V

dX v,i
dt





2.2 Governing Equations
The model equations for a n reactor cascade with
recycle around each reactor are given by:







 F  1  Ri 1 X v,i 1  1  Ri X v,i   V v,i  nv,i  d ,i X v,i



dX nv,i
dt
V



dX d ,i
dt















 F  1  Ri 1 X nv,i 1  1  Ri X nv,i   V nv,i X v,i  d X nv,i









 F  1  Ri 1 X d ,i 1  1  Ri X d ,i   V d X v,i  X nv,i
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(2)

(3)

 X

dP
v,i v,i
 F  Pi 1  Ri   V 
 m p X nv,i 
 Yx p

dt



(4)

 X

dSi
v,i v ,i
 F  Si 1  Si   V 
 m 's X nv,i 
 Yx s

dt



(5)

V

V

reaction
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R j  R j C j  1

(6)

Total residence time in a cascade of n reactors:
nV
t 
(7)
F
where, i denotes the i th reactor in the cascade. (By
convention R0  C0  0 ). All parameters are defined
in the nomenclature. The value of the reactor cascade

parameter ranges 0  R j  1 .
Note that the maintenance terms (involving m p and
ms in Eqs. (4) and (5)) do not appear in Eq. (2) as this
process does not consume or produce non-viable cells.
The formulation of the growth rates includes both
substrate limitation and product inhibition:
S 
P
S 
v1  max
1 
,
K1  S  Pc K 2  S 

v  max  0, v1  ,
S 
P
S 
d1   max
1 
,
K1  S  Pc K 2  S 
v  max  0, d 1  ,
S 
P
S 
1 
,
K1  S  P 'c K 2  S 

vn  max  max  0, nv1   max  0, v1   ,
m 's  ms

S
1 S

The authors investigate the steady-state behaviour of
the system (1)-(5) and the reactor productivity, Pr ,
defined by:
P
Pr  n
(8)
t
as a function of the total residence time and the
substrate concentration in the feed ( S0 ). For a single
reactor and a double reactor cascade, the authors have
n  1 and n  2 , respectively.

3. Results
Fig. 1 shows the productivity of a single reactor
without recycle as a function of the residence time. The
solid lines indicate a stable steady-state solution
whereas the dotted lines indicate an unstable steady-state

Productivity (g/l/h)

4

Recycle parameter:

nv1   'max
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Fig. 1 Steady-state diagram for the productivity of a single
tank with no recycle. The optimal productivity is denoted by
the bold circle. Parameter value: feed substrate
concentration S0 = 100 gL-1. Reprinted from Ref. [6].

solution. When the residence time is below 4.12 h the
“washout” solution, where S  S0 , P  0 , X j  0 is
stable. The optimal productivity is Pr  3.80 gL-1h -1
which occurs at a residence time   7.47 h . Although
the maximum ethanol concentration is given by
P  45.25 gL-1 when   13.93 h the productivity
obtained at this residence time is only Pr  3.25 gL-1 ,
about 15% less than the maximum value.
The authors now consider a single reactor
employing a centrifuge to recycle biomass into the feed
stream. The performance of the centrifuge is
characterised by a single number, the recycle parameter,
which takes values ranging from R1  0 representing
operation without a centrifuge, to R1  1 , a perfect
centrifuge in which all the biomass is recycled. Fig. 2
shows how the maximum productivity of the reactor
changed as the recycle parameter is varied. To obtain
this figure the value of the recycle parameter is fixed.
The variation of the reactor productivity as a function
of the residence time is determined and the
corresponding maximum value selected.
The performance of the reactor increases slowly at
first. When R1  0.50 the maximum productivity has
doubled to Pr  7.6 gL-1h -1 . As the value for the
recycle parameter approaches one the limit asymptotes
to infinity. This result is unrealistic and reflects the fact
that in this limit the steady-state substrate
concentration becomes independent of the residence
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Fig. 2 Maximum productivity as a function of the recycle
parameter for a single reactor. Parameter value: feed
substrate concentration, S0 = 100 gL-1.

time. Thus the productivity can be made as large as you
like by taking the limit that the residence time
approaches zero. This unphysical result indicates that
the biochemical model is no longer realistic in this limit.
Fig. 3 shows the productivity as a function of the
residence time for both a single reactor and a double
reactor-cascade (only stable solutions have been
plotted). Whereas the washout solution is stable in a
single reactor without recycle when 0   t (hr)  4.12
in a double reactor cascade without recycle it is stable
when 0   t (hr)  8.24 .
It is evident that for most values of the residence
time, the productivity from a single reactor
outperforms that from a double reactor cascade. And
indeed the optimal productivity in the single reactor,
Pr1 = 3.80 gL-1h-1 at the residence   7.47 h , is
marginally superior to the optimal productivity in the
double reactor cascade, Pr2 = 3.77 gL-1h-1 at the
residence time   10.6 h . Thus in the absence of
recycle the single reactor outperforms the double
reactor with a feed concentration S0 = 100 gL-1.
Fig. 4 showed the variation in the maximum
productivity as a function of the recycle parameter for
three reactor configurations. These are: a single reactor
with a centrifuge (line a); a double-reactor cascade with
a centrifuge operating around the first reactor (line b)
and a double-reactor cascade with a centrifuge
operating around the second reactor (line c).
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Fig. 3 Steady-state productivity as a function of the
residence time for a single reactor (a) and a double reactor
cascade; (b) In both cases there is no recycle. Parameter
value: feed substrate concentration, S0 = 100 gl-1.
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Fig. 4 Maximum productivity as a function of the recycle
parameter for a single reactor (line a) and a double reactor
cascade (b & c). Parameter value: feed substrate

concentration, S0 = 100 gL-1. Parameter values: (b) R2  0 ,

R 1 as specified; (c) R 1  0 , R  2 as specified.

It is seen that the reactor cascade with the centrifuge
placed around the first reactor outperforms the reactor
cascade with the centrifuge placed around the second
reactor. However, the single reactor with a centrifuge
outperforms both reactor cascade configurations.
Hence, when the inflow substrate concentration is S0 =
100 gL-1, the best reactor configuration is the single
reactor.
In Fig. 5, the feed concentration has been increased
to S0 = 120 gL-1. The authors note two important
differences between this figure and Fig. 4. Firstly, it is
observed that although the productivity in the cascade
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parameter and determined the value of the total
residence time which maximised the productivity of
the reactor configuration.
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It is shown that at feed concentrations S0 = 100 gL-1
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Fig. 5 Maximum productivity as a function of the recycle
parameter for a single reactor (line a) and a double reactor
cascade (b & c). Parameter value: feed substrate
concentration, S0 = 120 gL-1. Parameter values: (b)

reactor.

However,

at

the higher

feed

concentration the difference was slight. At the lower
feed concentration the performance of the single
reactor configuration was found to be superior to that
of either cascade. At the higher feed concentration the

R 2  0 , R 1 as specified; (c) R 1  0 , R  2 as specified.

double reactor cascade for low values of the recycle

parameter, approximately for R i  0.3 , but at higher

configuration is maximised by placing the centrifuge
around the first reactor the difference in performance
between this configuration and the one in which it is
placed around the second reactor is minimal. Secondly,
it is seen that for low values of the recycle parameter
the productivity obtained from a double reactor
cascade with a centrifuge is higher than that achieved
by a single reactor with a centrifuge. However, the
latter combination is superior for higher valued of the
recycle parameter. The value of the recycle parameter
at which this transition occurs is approximately
R  i  0 .3 .

values of the recycle parameter the single reactor was

4. Conclusions

Pc = 70 gL-1, P′c = 130 gL-1, mp = 2.6 h-1, ms = 4.42 h-1,

In this paper, the authors have investigated the
productivity of ethanol production through continuous
fermentation in a single tank and in a cascade of two
reactors. In particular, the authors have investigated the
increase in productivity that is obtained when the
reactor configuration contains a centrifuge. For the
double reactor cascade it has been assumed that the
centrifuge recycles biomass from the effluent stream of
reactor i (i = 1, 2), into the influent stream of reactor i.
For all three configurations considered the effect of the
centrifuge can be characterised by a single number, the
recycle parameter R i . In all cases, the authors treated
the total residence time as the primary bifurcation

again the best design.
Thus, the authors conclude that more, i.e., an
increased number of reactors, is not always better when
it comes to maximising the reactor productivity. The
authors are currently extending the work reported her
by considering higher feed concentrations.
The biochemical parameters in this model were
estimated by Jarzebski [1] from experimental data
obtained by Perego et al. [3]. Unless otherwise stated,
the parameter values the authors use in this study are
those given in Ref. [1]: µmax = 0.25 h-1, µ′max = 0.21 h-1,
Y(x|p) = 0.235, Y(x|s) = 0.095 and K1 = K2 = 3 gL-1.
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